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A model of the pilot-aircraft system which can relate the pilot tracking performance attainable with specific
aircraft dynamics to the over-all accuracy of tactical weapon delivery is required in order to realistically deter-
mine essential flight control system dynamic performance characteristics. The approach taken is to derive a
linear expression for projectile impact error in terms of errors in the task variables which are directly under the
pilot's control. A statistical model of the propagation of these pilot-induced errors into impact error is then
developed by considering each of the pilot inputs to be random variable. An analytical model of the human pilot
is used to estimate the tracking error from the flight control system and aircraft dynamics and the turbulence
environment. The model is further refined as a result of piloted simulation studies to include important cross-
coupling effects. The resulting model represents a method for relating impact accuracy to design of the manual
flight control system and provides a technique for comparative evaluation of display, computation, and control
aids to the tactical pilot.

Introduction

UNTIL recently, improvement of tactical weapon delivery
accuracy had concentrated upon reduction of weapon

anomalies, reduction of component tolerances, development
of more accurate measuring devices, and development of fire
control systems such as predictive displays which can con-
tinuously indicate a correct aim point to the pilot. It often
was assumed without question that the pilot would be able to
accurately track the target with the aim point if the aircraft
had met specified flying qualities, and no further attention
was given to the pilot tracking error contribution to projectile
impact accuracy. Such an assumption was expedient, how-
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ever, because no adequate analytical method existed to define
the manually attainable tracking error as a function of the
aircraft dynamics and combine it with the other weapon
delivery variables to predict over-all accuracy.

McRuer and Jex1 generalized a control-display theory based
on analytical models of the human pilot to achieve a unified
model of the manually-controlled aircraft for specific flying
tasks. Clement et al.,2 succeeded in identifying the elements
of the theory for instrument landing. Jackson3 used piloted
simulation to allocate weapon delivery deficiencies to the fire
control or flight control systems, and showed the importance
of tracking dynamics to firing opportunity in the air-to-air
gunnery role.

In this article a unified model is defined for tactical air-to-
ground weapon delivery. The analysis process on which the
model is based combines analytical pilot models4 and dynamic
stability and control analysis methods5 with traditional
weapon-delivery error-analysis procedures,6 thereby permit-
ting simultaneous evaluation of both the control and guidance
aspects of manual weapon delivery in terms of impact error.
The approach also accounts for the cross-correlation of error
sources due to pilot correction of one variable with intentional
deviation in another, as well as other coupling effects.
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The model permits concurrent, mission-oriented treatment
of fire control and flight control problems as integral elements
of weapon delivery, instead of as isolated subsystems. Conse-
quently, deficiencies may be treated in the logical order of their
contribution to an over-all measure of system performance
which can account for the interaction of the elements of the
system. Most important, however, is that the effects of
tracking dynamics, which can be altered by flight control
system changes, are placed in their proper perspective for the
contribution they can make to achieving better accuracy.

Air-to-Ground Weapon Delivery with a Fixed Sight

The depressed-reticle sight is the only display system used
for target tracking during air-to-ground delivery of con-
ventional weapons in many U.S. Air Force tactical fighter
aircraft. A depressed-reticle sight is an optical display device
which produces a visual reference for the pilot by projecting
a reticle image onto an adjustable combining glass at the top
center of the instrument panel. By viewing the real target
through the combining glass, the pilot can simultaneously
view the reflected reticle image. The reticle image generally
consists of an aim dot (pipper) at the center of a segmented
circle. The line of sight through the aim dot can be depressed
below the zero reference line of the sight by rotating a cali-
brated knob on the side of the sight unit.

When a bomb is released from the aircraft, its initial velocity
vector is the same as that of the aircraft; however, due to the
acceleration of gravity and the deceleration of drag, the bomb
impacts short of the point where its initial velocity vector
intersects the Earth. Consequently, the aim dot of the optical
sight, which the pilot attempts to position onto the target by
maneuvering the aircraft, must be depressed some angular
amount below the velocity vector of the aircraft in order to
display the correct bomb impact point.

Prior to attacking the target the pilot depresses the reticle
image a fixed amount calculated from the probable bomb
trajectory. This trajectory is further dependent on the
selection of a nominal weapon release (pickle) flight condition.
Obviously, the aim dot indicates the correct bomb impact
point only when the aircraft is at the correct, preselected
weapon release flight condition. Thus, successful air-to-
ground weapon delivery with a depressed-reticle sight requires
that the pilot fly a fairly consistent weapon delivery profile
which will bring the aircraft to a preplanned weapon release
flight condition corresponding to the preset sight depression
angle. In particular, he must dive the aircraft toward the
target in such a way as to achieve the altitude, airspeed, and
dive angle at pickle that were the basis for his sight depression
setting, or else the weapon's initial velocity vector magnitude
and direction will be incorrect. At the same instant, he must
have the pipper on the target, or else the position of the
velocity vector will not produce a trajectory that intersects
the target.

A pilot can accomplish the foregoing multidimensional task
only after a great deal of experience has allowed him to
accumulate a mental catalog of roll-in flight conditions and
imaginary canopy marks which suit his style as well as his
chosen delivery conditions. Although each individual pilot
employs a different assortment of flying styles and learned
techniques, the end objective is always the same: to get as
close to the chosen release condition as possible with the pipper
on the target. Consequently, weapon delivery performance is
often linearly analyzed by expanding the impact error equa-
tions in a Taylor series about the nominal release conditions
and neglecting the higher-order terms.6 The first step in such
a perturbation analysis of the effects of pilot-induced errors
on weapon delivery accuracy is, then, to express the impact
error in terms of pilot-controlled variables.

Horizontal

Fig. 1 Longitudinal perturbation of the aircraft velocity vector, VT?
from an equilibrium position, VTo. Stability axis notation, FRL =

fuselage reference line.

Linear Models of Impact Error

Figure 1 indicates in stability-axis notation the effect of
perturbing the aircraft velocity vector in the longitudinal plane
from an equilibrium, weapon-release position. (All the angles
are shown positive to eliminate confusion with sign; actually,
the nose would be below the horizon making y0 and @0
negative.) The equilibrium weapon release position is
defined with the pipper on target, and, since the line of sight
(LOS) through the aim dot is a fixed angle S below the fuselage
reference line (FRL), a perturbation of the FRL is equivalent
to a perturbation of the LOS. Thus, the longitudinal error
in pipper placement perceived by the pilot is the perturbation
pitch attitude of the aircraft, 6.

The longitudinal ballistic trajectory of the projectile is
dependent on the velocity vector of the aircraft at the instant
of pickle and on any other additional velocity or acceleration
imparted upon the projectile itself. Since pilot-induced errors
are of primary interest here, the problem will be simplified by
assuming the average wind velocity to be zero and neglecting
the drag deceleration of the projectile. These assumptions
still give reasonably good results for bullets and low drag
bombs. The initial velocity vector of the projectile is, there-
fore:

V, = VT (1)

where VT = aircraft velocity vector at pickle, and Vm = the
muzzle velocity of the ammunition (=0 for bombs). By
defining s as the angle of gun depression below the fuselage
reference line, Eq. (1) may be written in Earth coordinates
using the notation of Fig. 1

Vt = VXii+Vzik (2)

where

Vxi = VT cos(@0 + B - Aa) + Vm cos(00 + 0 + «a - fi)
Vzi = -VT sin(@0 + 6 - Aa) - Vm sin(@0 + 8 + a0 - e)

and i and k are unit vectors along the XE and ZE axes, respec-
tively.

The projectile will impact the Earth at a horizontal range r
from the aircraft weapon release position after dropping a
distance h where h is the weapon release altitude above ground
level. Using elementary kinetics, the time of flight of the
projectile can be written

}l9 0)

where g is the acceleration of gravity.
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Therefore, the horizontal range of the impact point from
the aircraft weapon release position is

r = VXiTF (4)

The range rt of the target from the aircraft weapon release
position is defined by the altitude and the LOS through the
aim dot with pipper on target

r t--A/tan(@0 + a0-S) (5)

Consequently, the longitudinal impact error, or range error,
is

er = r — rt (6)

The correct sight depression setting for a particular weapon
delivery profile can be determined by substituting the selected
nominal weapon release values of h, @0, VT, and a0 into
Eq. (6) and solving for £ with er, 6, and A a set equal to zero.

Equation (6) is a nonlinear function in the variables /*,
®0VT, a0, 6, and Aa which may be approximated by the linear
terms of a Taylor series expansion about the nominal weapon
release flight condition. First note, however, that trim angle
of attack can be approximated as a linear function of altitude
and airspeed in the vicinity of the nominal trim angle of
attack; that is,

= oc0n K0(h - hn) VTn) (7)

where the subscript n denotes the nominal, preplanned weapon
release value of the variable. When error in trim angle of
attack is eliminated from Eq. (6) by expressing it in terms of
altitude and airspeed errors with Eq. (7), a linear approxima-
tion of range error of the following form results :

er = KU&U0 + Khkh + #0A00 + Ke6 + K^oc (8)

where &U0 = U0— U0n = VT — VTn = airspeed error at pickle,

A/z = h — hn = altitude error at pickle
A 00 = @0 — ®0n = dive angle error at pickle

6 — tracking error at pickle

Aa — angle-of-attack perturbation from trim at pickle

K -*" — srrG(J0

K -e'Kh~

= range error sensitivity to airspeed error
at pickle

= range error sensitivity to altitude error
at pickle

X© = ^^r = range error sensitivity to dive angle at
1 pickle

= range error sensitivity to longitudinal
tracking error at pickle

= range error sensitivity to angle-of-attack
" perturbations from trim at pickle

Expressions for these sensitivities which result from taking the
partial derivities of Eq. (6) are listed in Table 1 along with
representative values for a strafing pass of a typical fighter
aircraft. The values are the same whether computed in
stability or body axes, although the expressions would differ.

The release altitude error (A/z) is essentially due to a pickle
timing error of the pilot times the aircraft sink rate. Since
the sink rate, airspeed, and dive angle are varying slowly in
comparison with tracking error and angle-of-attack perturba-
tions at the instant of weapon release, the first three terms of
Eq. (8) may be considered error contributions due to (relatively)
static differences between the actual "equilibrium" flight
condition at pickle and the nominal, preselected weapon
release flight condition. The last two terms of Eq. (8) then
are error contributions due to dynamic perturbation from the
actual equilibrium flight condition at pickle.

Analysis of lateral perturbation of the aircraft velocity
vector proceeds similarly to the foregoing longitudinal analysis,
and determines the effects of sideslip (j8), yaw (i/i), and roll (</>)
perturbations on lateral impact error or deflection. Such an
analysis7 results in an expression for the lateral tracking error
(jit) observed by the pilot:

fJL = l f J - C (9)

where C = sin^tsin^ sin(S — a0n)], and an expression for the
lateral (cross-track) deflection of the impact point from the
target:

d = [U0 - A)} - TFn

where A = sin~1[sin<£ sin(£ — a0ll)]. Equation (9) may
linearly approximated for small angles by the expression:

(10)
be

(H)

When Eq. (10) is approximated by the linear terms of a Taylor
series expansion about the nominal, preplanned weapon
release flight condition, an expression of the following form
results:

d=K^ + K£ + Kt<l> (12)

Table 1 Range error sensitivity parameters

Sensitivity Expression in stability axes0
Typical value
for strafing

pass6

[cos00n - VJKt sin(00n + a0fl - e]

(VXiJg)[sm®0n + VmKi cos(00l

Kihn csc2(00 + a0 — S)

- (VZiJ[Vzin

Ke

Ke

V 2
*in

on T~ v-on — ^)

in
2+2ghn]l/2)}

~(VZ

.498 sec

-.103

269. ft/deg

-5.16 ft/deg

-65.3 ft/deg

a The additional simplification that K0 = 0 has been made here.
b Nominal values: £„ = 500 ft, U0 = 520KTAS, 00 =- 10° in stability axes, a0 =1.9°,

1 = 2.172°. n n n
2°, K* = -1.1476(10 ~4) rad/ft/sec, Vm= 2739.6 ft/sec, which give
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Table 2 Deflection sensitivity parameters

Sensitivity

K,

Expression in stability axes"

(U0n + Vm)TFn

- VmTFn sin(£ - oc0n)

Typical value
for strafing

pass6

48.9 ft/deg

11.9 ft/deg

-.0646 ft/deg
a K^ and K@ are the same in body axes; K$ becomes —VmTF sine =

-1.293 ft/deg. n
b See Table 1 for nominal condition description.

Fig. 2 Model of pilot
dive angle and airspeed
error compensation with
altitude.

OTHER PILOT
INDUCED ERRORS

where iff = dynamic perturbation of yaw angle at pickle,
j8 = dynamic perturbation of sideslip angle at pickle
</> =. dynamic perturbation of roll angle at pickle

KJ, = (dd/dfi) | n = deflection sensitivity to yaw at pickle
Kp = (dd/dj3) | „ = deflection sensitivity to sideslip at

pickle
and K* = (dd/d<f>)n = deflection sensitivity to roll at pickle
Expressions for these sensitivities which result from taking the
partial derivatives of Eq. (10) are listed in Table 2 along with
representative values for the strafing pass described in Table 1.

Impact Error Variances

In order to estimate the range-error and deflection variances
it is first assumed that each of the variables in Eqs. (8) and (12)
is a random variable. Once a statistical estimate of the
variance (a2) of each of these random variables is obtained, the
variance of the range error and deflection could be easily
calculated if the random variables were uncorrelated. If this
were the case, the variance of the sum in Eqs. (8) and (12)
would merely be the sum of the variances. However, this is
not the case; the random variables in Eqs. (8) and (12) are
correlated. The random variable Aa is related to the random
variable 6 by the longitudinal dynamics of the aircraft. The
random variable A/z is related to the random variables A(70
and A@0 because the pilot may intentionally introduce error in
release altitude at pickle to compensate for observed errors in
airspeed and dive angle. The random variables i/j, /3, and (f>
are all related by the lateral-directional dynamics of the
aircraft. Therefore, correct equations for the range-error
and deflection variances must either include cross-correlation
terms or else be expressed in terms of more basic, uncorrelated
random variables. The latter approach will be used here
because it gives insight to the origin of the errors.

It was explained earlier with respect to Fig. 1 that as the
aircraft approaches weapon release, the pilot observes pitch
attitude perturbation (0) as the longitudinal difference between
pipper position and the target. Theoretically, he would be
able to observe total body-axis pitch attitude (@B = @OB + 6)
from the artificial horizon of the attitude director indicator
(ADI). However, the coarse resolution and low bandwidth
of the displayed attitude signal diminish the information
observable to merely equilibrium dive angle (@OB). Since the
pilot knows the desired dive angle, the ADI may be considered
a display of the equilibrium dive angle error (A@0 = @0 — ®0n)
which is the same whether measured in body or stability axes.
Hence, A@0 at pickle is a static random variable dependent on
the pilot error in establishing an aircraft trajectory at roll-in
which is consistent with his style and chosen nominal dive
angle, and it is observed from the ADI. On the other hand, 6
at pickle is a dynamic random variable dependent upon the
pilot's tracking performance, and it is observed from the
optical sight. Because of this independence in origin and
observation, it will be assumed that A00 and 6 are uncorrelated
at the instant of weapon release.

The pilot often introduces intentional error in weapon
release altitude to compensate for observed errors in dive
angle and airspeed.6 By his mental processing of the
observed altitude, dive angle, and airspeed data, the pilot
introduces a cross-feed of dive angle error and airspeed error
into his altitude control. Thus, the total altitude error on a
weapon delivery pass will be due to the combined effect of the
intentional errors of dive angle and airspeed compensation
plus the unintentional error of the pilot's ability to control
the release altitude exactly. This process is to be modeled as
indicated in Fig. 2 where Xis a random variable representing
the crossfeed gain of perceived dive-angle error into altitude
error. For an experienced pilot the mean of X will be the
correct crossfeed gain which is the ratio K®/Kh obtained from
Table 1. The variance of X, a*2, is an indication of the
imperfection of the pilot's mental calculation of the correction
required. Similarly, Y is a random variable representing the
crossfeed gain of perceived airspeed error into altitude error.
For an experienced pilot the mean of Y will be the correct
crossfeed gain which is the ratio Ku/Kh obtained from Table 1.
The variance of Y, ay

2, is an indication of the imperfection of
the pilot's mental calculation of the correction required. A/zT
is the altitude error that would be measured on any one pass,
whereas A/z is that portion of AAr which is due only to the
pilot's inability to pickle at precisely the altitude he mentally
calculates. These fundamental input random variables are
considered to be independent, and their contribution to the
range error variance may be computed using methods for
treating functions of random variables8 to obtain

. = W0
2Kn' ' + (13)

where crers
2 = the variance of the static portion of the range

error due to pilot control of airspeed, dive angle, and altitude
at pickle.

The relationship between 0 and A a and the relationship
between 0, )8, and <f> are expressed by differential equations
and are assumed to be independent from each other and from
the variables of Eq. (13). Perturbations of the longitudinal
variables 0 and A a and the lateral-directional variables
0, ]8, and </> are assumed to be the result of pilot target tracking
in clear air turbulence. Complete analysis of the correlation
and variance of these variables requires the introduction of
gust, aircraft, and pilot analytical models. This analysis
procedure is described briefly in the following paragraphs. A
more detailed description is included in Ref. 7.

For the analysis of longitudinal tracking the dynamics of
the plant that the pilot controls are determined from the
short-period approximate aircraft equations and the equations
of the elevator control system.5 A lengthwise distribution of
vertical gust velocities is assumed to aerodynamically disturb
the angular and angular-rate components of the plant equa-
tions9 to produce a continuous random pitch attitude perturba-
tion. This perturbation, which may be represented as low-
pass-filtered white noise, is the longitudinal tracking error
input to the pilot. From these input and plant characteristics,
an analytical pilot model is determined4 which can include the
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effects of display scanning.10'11 The pilot model is then
combined with the plant dynamics to predict the mean-square
intensity (o-erd

2) of the dynamic portion of the range error
where

erd = Kee + #aAa (14)
That is, the complete, pilot-in-the-loop transfer functions
which relate 6 and Aa to the white noise source producing the
turbulence input are determined and combined according to
Eq. (14). The power spectrum density of erd can then be
calculated and integrated to obtain the mean-square intensity
CTerd

2.

6 and Aa are correlated random processes that the pilot
samples at the instant of pickle. By the definition of a random
process these particular values of 0 and Aa, sampled at the
time of weapon release, are random variables. If the random
processes 6 and Aa are assumed to be ergodic so that time
averages equal expected values, then the variance of the
random variable erd will be equal to the calculated value of
mean-square intensity, crerd

2.
For a better insight to the relative effects of tracking error

on miss distance, an "effective" tracking error sensitivity can
be calculated by dividing orerd by the rms longitudinal tracking
error, ae; that is, let
K2 = aerd/<7e (15)

= effective range error sensitivity to longitudinal
tracking error at pickle (including effects of
correlated angle-of-attack perturbations).

Since the random variables 6 and Aa are presumably inde-
pendent of the other random variables in Eq. (8), the complete
variance of the range error may be obtained by adding the
variance crerd

2 = (K20e)2 to Eq. (13); that is,
aer

2 = (Kh<JyvUo)2 + (Khahy + (Khaxa*0)2 + (K2ae)2 (16)
It should be noted from Eq. (16) that pilot correction of dive

angle and airspeed errors with intentional release altitude
errors has made the range-error variance independent of the
previously-calculated sensitivities Ku and K®. Instead, the
range-error variance is dependent on the pilot's ability to use
weapon release altitude to correct his observed dive angle and
airspeed mistakes. Also, the fact that an observed longi-
tudinal tracking error 0 implies a particular Aa via the aircraft
equations of motion results in a single variance term represent-
ing the combined effects of angle-of-attack perturbations and
tracking error. Equation (16) expresses range-error variance
in terms of the variances of the four longitudinal variables that
the pilot observes and controls directly (airspeed, altitude,
dive angle, and tracking error) and the two mental corrections
of release altitude that he allegedly makes (airspeed and dive
angle). The expression arises from the statistical properties
of functions of independent random variables.

The lateral-directional variable that the pilot observes and
controls is the lateral tracking error /x defined by Eq. (11).
Control of p, by rudder pedal and lateral control stick motions
results in implied control of yaw (i/t), sideslip (£), and roll (</>)
through the aircraft equations of motion. When £ — a0n is
very small, as is the case for the example gun-fire pass intro-
duced in Table 1, jit is approximately equal to ^, and ^ may be
taken as the lateral tracking error.

For the analysis of lateral tracking, the dynamics of the
plant that the pilot controls are determined from the lateral-
directional aircraft equations and the equations of the rudder
and aileron/spoiler control systems. A spanwise distribution
of vertical gust velocities is assumed to aerodynamically
disturb the roll-rate components of the plant equations to
produce a continuous random yaw attitude perturbation. J

This perturbation, which may be represented as low-pass-
filtered white noise, is the lateral tracking error input to the
pilot. From these plant and input characteristics an analytical
pilot model is determined. This pilot model is combined with
the plant dynamics to predict the mean-square intensity (<rd

2)
of the lateral deflection of the impact point from the target.
That is, the complete, pilot-in-the-loop transfer functions
which relate ifi, j8, and <£ to the white noise source producing
the turbulence input are determined and combined according
to Eq. (12). The power spectrum density of d can then be
calculated and integrated to obtain the mean-square intensity
ad

2. Again, assuming the ergodicity of the random processes
1/1, j8, and </>, the variance of the random variable d will be
equal to the calculated value of mean-square intensity, crd

2.
An "effective" lateral tracking error sensitivity can be com-

puted analogously to the longitudinal case by dividing ad by
the rms lateral tracking error, o> ; that is, let

(17)

t Side gusts are often used for lateral tracking analysis, but the
spanwise variation of the vertical gust distribution can also produce
a significant lateral response of the airplane.9 For further clarifica-
tion of this point see the article "Airplane Yaw Perturbations due to
Vertical and Side Gusts" beginning on page 316 of this issue.

= effective deflection sensitivity to lateral tracking
error at pickle (including effects of correlated
sideslip and roll angle perturbations).

so that the deflection variance may alternately be expressed:

vd
2=(Kia*)2 (18)

Model Refinements

Several piloted computer simulations of gun firing passes
were conducted to confirm and refine the statistical model of
propagation of pilot errors into impact errors represented
by Eqs. (16) and (18). The simulation results, which are
reported in Ref. 7, disclosed that for the strafing profile
tested the pilots made no altitude corrections for dive angle
and airspeed errors (i.e., X = Y = 0). In addition, significant
cross-coupling was found to exist between lateral tracking,
longitudinal tracking, and release altitude.

Dive Angle and Airspeed Corrections

The fact that the pilot does not bother to introduce release
altitude corrections for observed dive angle and airspeed
errors during strafing is easily understood by referring to
Tables 1 and 2. The gun-firing error sensitivities, which the
pilot learns implicitly through experience or explicitly through
analysis, reflect the relative insignificance of dive angle,
airspeed, and altitude errors in comparison with tracking
errors and the variables dynamically coupled thereto. How-
ever, for dive bombing the effects of dive angle and airspeed
errors are more significant making the reported pilot correction
of such errors with release altitude deviation more effective
and therefore more likely. Consequently, the mathematical
representation of this pilot correction procedure depicted in
Fig. 2 may prove practical for modeling the dive bombing
mission, but it is not required for strafing analysis. That is,
dive angle, airspeed, and altitude errors may be presumed
independent for air-to-ground gun-firing analysis.

Homogeneity

Since a pilot tends to perform homogeneously in each axis
of a two-axis tracking task,12 a better representation of pilot
tracking performance will be obtained by determining a single
pilot model expression which is analytically feasible for both
axes. Since the lateral tracking task must often be accom-
plished with a lower bandwidth than the longitudinal tracking
task due to stability constraints, the lower gain lateral tracking
pilot model is used in both axes. (This is in agreement with
pilot comments of "loose" tracking in both axes during air-to-
ground weapon delivery, even though fairly "tight" control
of longitudinal tracking appears possible from single-axis
analysis,)
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Visual-Motor Interference

The lateral tracking dynamics of the tactical fighter aircraft
used for the piloted computer simulations of strafing were
considerably less favorable than the longitudinal tracking
dynamics. The larger lateral tracking errors which resulted
interfered with the pilot's ability to sense error and error-rate
in the longitudinal axis; consequently, longitudinal tracking
performance was degraded from that predicted through single
axis analysis, even with homogeneous pilot models. In
addition, cross-coupling between the lateral and longitudinal
axis may have been introduced manually when control move-
ments intended for one axis of the two-axis control stick
inadvertently produced motion in the other. Levison and
Elkind12 term these cross-coupling effects "visual-motor
interference" and suggest that when the disturbance inputs
to the two axes are uncorrelated and the pilot's transfer func-
tions are nearly the same in both axes, the coupling is propor-
tional to the mean square tracking error. Therefore, degrada-
tion of the longitudinal tracking performance by the poorer
lateral tracking performance may be represented:

002-axis2 = cr01_axis
2 4- Ke^cr*2 (19)

where Ke* = interference coefficient.
The sensitivity of the range error to the longitudinal tracking

error described by Eq. (19) is no longer simply K2. Only the
first term on the right-hand side of Eq. (19) is due to the length-
wise vertical gust distribution that causes angle-of-attack
perturbations. The second term is not correlated with the
angle-of-attack disturbances; consequently, it is related to the
range error by the sensitivity parameter Ke, not by K2 which
was derived to account for correlated angle-of-attack effects.

Firing Instant Variability

The piloted computer simulations of gun-fire passes also
revealed that some of the pilot's variability in release altitude
control could be attributed to firing a little before or after the
desired release altitude was reached if the pipper was in good
position. Again this relates to the fact that the impact error
is more sensitive to tracking errors than it is to altitude errors.
Since lateral tracking error predominated for the tactical
fighter aircraft simulated, and total longitudinal tracking
error is dependent on lateral tracking error as in Eq. (19), the
altitude can be considered to be (approximately) coupled to
lateral tracking error only. That is, altitude control is
degraded by lateral tracking error:

AU,

= A/z + (20)
where KhlJ/ is the lateral-tracking-error to altitude coupling
coefficient. But this altitude degradation reduces the total
effective lateral tracking error:

where K*h is the altitude to lateral-tracking-error coupling
coefficient and 0 < (1 — Khlt/K^h) < 1.

The coupling effects discussed in this section are summarized
in Fig. 3. By assuming that Fig. 3 represents another function
of several independent input random variables the following
relations for the statistics of the range error and deflection
can be derived

ae
2 = Ku

2crUo
2 4- K&

2a&0
2 -f Kh

2crh
2 4- K2

2ae
2 4-

where K* = KkK^ + K9Ke^(l - Kh^h), and
(22)

<jd
2 = (1 - Kh*K*tfK*2aS (23)

Similarly, the variance of the measurable altitude error at
pickle will become

°hT
2 = a* + ft*W (24)

In these equations ae
2 and a*2 are the analytically predicted,

Fig. 3 Propagation of pilot errors into range error and deflection
for an air-to-ground gun-firing pass. The measurable altitude and

tracking errors are identified by the subscript T.

single-axis, mean-square tracking errors computed by applying
analytical models of the (homogeneous) human pilot and
turbulence to the longitudinal and lateral tracking dynamics.
Instrumentation error can be readily included by appending a
measurement error to the proper term. For example, let aht
be the rms error between indicated altitude and true altitude,
then the altitude term of Eq. (22) becomes Kh

2 (ah
2 4- ah

2) since
it is generally assumed that the instrument measurement
errors are uncorrelated with pilot errors.

Application

The advantage of the weapon delivery model represented
by Eqs. (22) and (23) is that it indicates simultaneously the
relative importance of static and dynamic errors on impact
accuracy. If the dive angle, airspeed, and altitude terms of
Eq. (22) predominate, then it might be well to invest in a fire
control system to reduce or automatically correct for these
errors. On the other hand, if tracking error terms predomi-
nate, it would be more advantageous to alter the flight control
system in order to improve the tracking dynamics.

For example, let us analytically determine the advantage of
incorporating a head-up display (HUD) to indicate release
altitude attainment instead of requiring the pilot to scan the
altimeter. In addition, let us assume that the HUD, which
need be nothing more than a "pickle command" light, in-
corporates a linear correction for dive angle errors. That
is, the light is illuminated when the following altitude is
reached:

= hn- (25)

where hn is the nominal, preselected weapon release altitude.
The mission to be analyzed is strafing with nominal weapon
release conditions of 520 knots, 500 ft, and a —10° (stability
axis) dive angle; hence, the sensitivities listed in Tables 1 and 2
apply.

The lateral tracking error is found to be minimum with the
pure-gain pilot transfer f unction §

YPAF = 0.2666 (26)

for pilot aileron control of the dynamics of a typical tactical
fighter with its roll and yaw stability augmentation systems
engaged. This is the pilot transfer function that would

§ The effect of the pilot's time delay was negligible at the low
crossover frequency for lateral tracking by aileron control.
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Table 3 Comparison of analytically-predicted, single-shot gun-firing accuracy with that measured from piloted simulation

Standard deviated

Scanned tracking with
0.5 dwell fraction

Predicted Measured

uw — 4.224 ft/sec for the white noise source producing longitudinal disturbance
b aw = 12 ft/sec for the white noise source producing lateral distances.

Full foveal tracking
with ^-corrected HUD

Predicted Measured

Total longitudinal tracking error, aeT cleg"
Total lateral tracking error, o>r, deg5

Total release altitude error, o-hr, ft
Horizontal range error of impact, crer, ft
Cross-tracking deflection of impact, crd, ft

0.47
0.73
175
137
35

0.56
0.73
184
155
45

0.42
0.65
110
118
30

0.31
0.65
101
98
35

represent full foveal tracking. If scanning of an altimeter were
required, the effective pilot gain is reduced by the dwell
fraction,10 assumed here to be 77 =0.5; hence, if scanning is
required

YPA — o 1333 (27)

With these two pilot models and a spanwise-varying vertical
gust distribution to introduce lateral disturbances the rms
lateral tracking error for full foveal tracking is

= .0587crw, deg (28)

whereas, if the optical sight must be intermittently scanned, the
lateral tracking error will be

= .0662o-w, deg (29)

where CTW is the vertical gust intensity in ft/sec.
Combining the pilot-in-the-loop transfer functions for i/f,

j8, and <f> according to Eq. (12) permits determination of the
power spectrum density of the deflection, d. Integrating this
power spectrum density for full foveal tracking gives:

whereas, in the scanned case:

(30)

(31)

Dividing Eqs. (30) and (31) by Eqs. (28) and (29), respec-
tively, yields the effective deflection sensitivity to lateral
tracking error for each case

K3F = 46.25 ft/deg

#35 = 47.89 ft/deg

(32)

(33)

Single-axis analysis of the longitudinal tracking situation
using the techniques of Ref. 4 reveals that a pilot model of

YpEP(s) = 1.128( 1 + 0.08749,5)*- (34)

would permit a crossover frequency of 4.75 rad/sec for pilot
elevator control of the dynamics of this typical tactical fighter
with its pitch stability augmentation system engaged. How-
ever, if the longitudinal pilot model is to be homogeneous with
the lateral pilot model, Eqs. (26) and (27) will have to apply
to longitudinal tracking as well. If

Using Eqs. (26) and (27) to also represent the pilot for foveal
and scanned longitudinal tracking, and employing a length-
wise-varying vertical gust distribution to induce longitudinal
disturbances, the rms longitudinal tracking error for full
foveal and scanned tracking is

a&F = 0.0198aw, deg

aes = 0.0236o-w, deg.

where aw is the vertical gust intensity in fps.

(35)

(36)

If This is theoretically possible since crossover will still occur in a
frequency region where the amplitude ratio has a — 20db/decade
slope.

Combining the pilot-in-the-loop transfer functions for 0
and Aa according to Eq. (14) permits determination of the
power spectrum density of the dynamic portion of the range
error, erd. Integrating the power spectrum density for the case
of full foveal tracking gives:

= 3.334aw, ft (37)

whereas, when scanning of the altimeter is required during
tracking,

<Terd =3.880(TW, ft (38)

Dividing Eqs. (37) and (38) by Eqs. (35) and (36), respec-
tively, gives the effective range error sensitivity to longitudinal
tracking error for each case:

K2F = 168.4 ft/deg

K2s = 164A ft/deg
(39)
(40)

The remaining undetermined parameters can be obtained
from the empirical relations of Ref. 7 which were based on
over 100 simulated gun-firing passes:

AW =0.63 (41)

Kk*<*>* = -10.25 ft/deg-sec (42)
r]aah = 69.2 ft (43)

1 - KwK** = .921 (44)
aVo = 6.90 fps (45)

a&0 = 1.044 deg (46)
where o^ = lateral tracking bandwidth

= 0.1055 rad/sec for foveal tracking, 0.0753 rad/sec
for scanned tracking.

and r)a = altimeter dwell fraction
= 1.0 for HUD 0.5 for scanned altimeter.

In Table 3 predicted strafing accuracy results based on the
foregoing analysis are compared with those measured in a
piloted, hybrid-computer strafing simulation. Both the
analytical and the simulator results show the same improve-
ment trends with the addition of the HUD. In formulating
the predictions it was assumed that the effect of the HUD was
to eliminate the K&2cr&0

2 term from Eq. (22) and add the term
•(K»/Kh)2(T9o

2 to Eq. (24) due to the automatic correction of
release altitude for dive angle errors. The turbulence inten-
sities used in the simulation were chosen to provide as much
tracking disturbance as possible without being objectionable
to the experienced combat pilots. This was done to insure
that the propagation of tracking errors into miss distance was
properly modelled, since that was the main purpose of the
simulation.

The actual vertical gust intensity that will be encountered
at any altitude is itself a random variable. Using the turbu-
lence data in Ref. 9, the mean value of <rw

2 can be calculated as
<aw

2> =- » = 10.58P19 ft2/sec2 (47)
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Table 4 Comparison of analytically-predicted, single-shot
gun-firing accuracy with flight test data

Full foveal tracking
Standard deviation Predicted" Measured6

Total longitudinal tracking error, aer,
deg

Total lateral tracking error, cr^T, deg
Total release altitude error, ahT, ft
Horizontal range error of impact, crer, ft
Cross-track deflection of impact, ad, ft

.10

.14
71
28

6.3

.17

.19
67
49
7.9

a aw = 2.52 ft/sec for both white noise sources.
b Calculated from the mean point of burst impact (corrected for wind and bore-

sight error) for each of 10 passes.

where PI = probability of encountering turbulence at the
weapon release altitude. The probability of encountering
turbulence at 500 ft above ground level is 0.6 which establishes
the appropriate mean for the rms vertical gust intensity as
orw = 2.52 ft/sec from Eq. (47). Substituting this value into
the preceding strafing model gives results comparable with
actual flight test data as shown in Table 4. The important
analytical outcome here is the determination of the relative
contribution of each of the terms in Eq. (22) that yield the
value of aer in Table 4; that is,

aer
2 = Ku

2aUo
2 + K&

2v&0
2 + Kh

2ah
2 + K2

2ae
2 + KSaf (22)

(27.8)2 = (3.4)2 + (5.4)2 + (7.2)2 + (8.4)2 + (24.6)2 (48)

From Eq. (48) it can be seen that tracking error is the greatest
contributor to horizontal range error, and that most of the
tracking error contribution comes from visual-motor coupling
with the lateral tracking task. Hence, the best way to reduce
both range error and deflection to improve the strafing
accuracy of this aircraft is apparently to improve the lateral
tracking dynamics with appropriate flight control system
alterations. Two proposed techniques for accomplishing this
are being analytically compared at the present time.

Conclusion

The preceding example illustrates a major advantage of the
weapon delivery analysis approach presented here; that is, it
gives some insight to the source of the major contributions to
miss distance in each application. Consequently, redesign
attention can be focused on problems whose solution will
provide the greatest incremental improvement. It is not in-

tended that the analytical approach described here supplant
comprehensive piloted simulations in weapon system develop-
ment, but it should provide a very useful analytical explanation
of the results now obtained chiefly through flight test and
extensive ground simulation. The system design deficiencies
uncovered by piloted simulation studies can be more efficiently
and effectively corrected if such an analytical model of the
entire piloted system is available.
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